We show that the capacity monad has a functional representation, i.e. the space of capacities on a compactum X can be naturally embedded (with preservation of the monad structure) in some space of functionals on C (X). We also describe this space of functionals in terms of properties of functionals. Using such a representation we obtain some results about geometric properties of the capacity monad.
1
Capacities were introduced by Choquet in [1] as a natural generalization of measures. They found numerous applications (see for example [2] [3] [4] ). Categorical and topological properties of spaces of upper-semicontinuous capacities on compact Hausdorff spaces were investigated in [5] . In particular, there was built the capacity functor which is a functorial part of a capacity monad M.
The Choquet integral is well known, which is, in fact, some functional representation of the functor M, i.e., the space of capacities MX can be naturally embedded in R C (X) . However, this representation does not preserve the monad structure. The aim of this paper is to find another representation of MX as a subset of R C (X) which is admissible with the monad structure. We use the notion of L-monads, which was introduced in [6] . Each L-monad has a functional representation which preserves the monad structure. We show that the monad M is an L-monad in this paper, thus we obtain some functional representation of the monad M which preserves the monad structure. We also present a characterization of such a representation in terms of properties of functionals.
Geometric properties of the capacity monad in the frames of the class of metric compacta were investigated in [7] . Here, it was proved, in particular, that the space MX is absolute retract for each metric compactum X and the multiplication map µX is soft for each metric compactum. We extend these results to the non-metrizable case using general results on geometric properties of L-monads from [8] . The paper is arranged in the following manner. In 1 we give necessary definitions and facts and in 2 we prove the main results.
2
By Comp we denote the category of compact Hausdorff spaces (compacta) and continuous maps. For each compactum X we denote by C (X) the Banach space of all continuous functions ϕ : X → R with the usual sup-norm: ϕ = sup{|ϕ(x)| | x ∈ X }. We also consider on C (X) the natural partial order.
In what follows, all spaces and maps are assumed to be in Comp except for R, the spaces C (X) and functionals defined on C (X) with X compact Hausdorff.
We recall some categorical notions. We define them only for the category Comp. The central notion is the notion of monad (or triple) in the sense of S. Eilenberg and J. Moore.
A monad [9] 
If all of the components of ψ are monomorphisms then the monad T is called a submonad of T and ψ is called a monad embedding. 4 ] is an F -algebra morphism and for each X ∈ Comp there exists a point-separating family of F -algebra
The definition of L-monad is a slight modification of the definition of Lawson monad from [6] and was introduced in [10] under another name.
There was defined a monad V in [10] , which is universal in the class of L-monads. By VX we denote the product
For a compactum X we define components hX and µX by π ϕ • hX = ϕ and π ϕ • µX = π (π ϕ ) for all ϕ ∈ C (X). The triple V = (V , h, µ) forms a monad in the category Comp and for each monad F there exists a monad embedding l : F → V if and only if F is L-monad [10] . We will identify each FX with its image in VX .
We need some notations and facts from the theory of non-metrizable compacta. See [11] for more details. Let τ be an infinite cardinal number. A partially ordered set A is called τ -complete, if every subset of cardinality ≤ τ has a least upper bound in A. An inverse system consisting of compacta and surjective maps over a τ -complete indexing set is called τ -complete. A continuous τ -complete system consisting of compacta of weight ≤ τ is called a τ -system. As usual, by ω we denote the countable cardinal number. A compactum X is called openly generated if X can be represented as the limit of an ω-system with open limit maps. The notion of soft map is rather categorical and could be defined for different categories. Here we consider this notion only for the category Comp. A map f : X → Y is said to be soft [11] if for any compact space Z , any closed subspace A of Z and maps Φ : A → X and Ψ : Z → Y with Ψ |A = f • Φ there exists a map G : Z → X such that G|A = Φ and Ψ = f • G. If Y is one-point space then we call X absolute retract.
We say that an L-monad F = (F , η, µ) weakly preserves preimages if for each map f : X → Y and each closed subset
and ϕ ∈ C (X). It was shown in [8] that each L-monad F = (F , η, µ) which weakly preserves preimages and contains the superextension monad (see [12] for the definition) as submonad has following geometric property: if X is a compactum such that FX is openly generated connected
Finally, we need the definition of capacity monad. We follow a terminology of [5] . Let X be compactum. A function c which assign each closed subset A of X a real number c(A) ∈ [0, 1] is called an upper-semicontinuous capacity on X if the three following properties hold for each closed subsets F and G of X :
We extend a capacity c to all open subsets U ⊂ X by the formula c(U)
It was proved in [5] that the space MX of all upper-semicontinuous capacities on a compactum X is a compactum as well, F ) ) where c ∈ MX and F is a closed subset of X . This functor was completed to the monad M = (M, η, µ) [5] , where the components of the natural transformations are defined as follows: ηX(x)(F ) = 1 if x ∈ F and ηX(x)(
where x ∈ X , F is a closed subset of X and C ∈ M 2 (X).
The next theorem describes some functional representation of capacity monad.
Theorem 1. M is an L-monad.
Proof. Consider any increasing homeomorphism ψ : (0, 1) → R. We put additionally ψ(0) = −∞, ψ(1) = +∞ and assume −∞ < t < +∞ for each t ∈ R. Let a, b ∈ R be such that a ≤ b. Define the map ξ [a,b] : 
It is obvious that the natural embedding i :
Finally consider any compactum X and distinct elements c 1 ,
The theorem is proved.
Then we obtain that there exists a monad embedding l : M → V, the components of which are defined by the formula
for a compactum X , c ∈ MX and ϕ ∈ C (X) [10] . We will denote π ϕ (ν) by ν(ϕ) in this paper. By c X ∈ C (X) we denote the constant function with value c ∈ R. A functional ν : C (X) → R is called normed if for each c ∈ R we have ν(c X ) = c; order-preserving if for each ϕ, ψ ∈ C (X) with ϕ ≤ ψ we have ν(ϕ) ≤ ν(ψ) and non-expanding if for each ϕ, ψ ∈ C (X) we have |ν(ϕ) − ν(ψ)| ≤ ϕ − ψ . We can define the lattice operations min{ϕ, ψ} and max{ϕ, ψ} on C (X) in the natural way. We say that a functional ν weakly preserves min and max if for each ϕ ∈ C (X) and c ∈ R we have ν(sup{ϕ, c X }) = sup{ν(ϕ), c} and ν(inf{ϕ, c X }) = inf{ν(ϕ), c}.
Define mX ⊂ VX as follows: mX = {ν ∈ VX | ν is normed, non-expanding, order-preserving and weakly preserves min and max}. 
For any t > lX (c)(ϕ 1 ) + a we have Analogously we can check that lX (c) weakly preserves min. We obtain that lX (c) ∈ mX . Now, consider any ν ∈ mX . Define a capacity c ν ∈ MX as follows c ν (∅) = ∅ and c ν (A) = inf{sup{ψ −1 (ν(ϕ)) | ϕ ∈ C (X) such that ϕ −1 ([t, +∞)) ⊂ U} | U is an open subset of X which contains A} for A ∈ exp X . It is easy to see that c ν is well defined. To finish the proof it is enough to prove the equality lX (c ν ) = ν which follows from the next two claims:
